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ABSTRACT

Introduction: the choice of sampling design determines the precision and validity of survey inferences, yet
differences between designs are rarely quantified on a population with fully known parameters. We compared
four probability sampling designs (simple random, stratified, cluster and systematic) for estimating a mean, a
standard deviation and a proportion.

Method: under specified assumptions, we generated a synthetic population of N = 1,000,000 individuals (age,
weight and sex) in 40,000 clusters of 25. For each design we drew 1,000 samples of n = 2,000 and computed
estimates and 90%, 95% and 99% confidence intervals. We assessed bias, root mean squared error, relative
efficiency, design effect, coverage and interval width, with a sensitivity analysis of standard errors.

Results: all designs were practically unbiased (maximum relative bias 0.197%). Age stratification gained only
for age, the stratification variable (relative efficiency 10.37 for the mean and 2.94 for the standard deviation),
not for weight or the proportion of men; its mean relative efficiency (3.29) falls to 1.52 without mean age.
Systematic sampling on a frame ordered by an age-related variable gained moderately (2.01 for mean age).
Approximate standard errors produced conservative intervals (99.9% and 99.1% coverage at 95%); design-
based standard errors brought them to 93.6% and 95.4%. Cluster sampling was the least efficient (design
effects up to 2.85).

Conclusions: no design dominated; efficiency depended on how the design relates to the parameter. Because
all designs used the same sample size but were not evaluated at equal operational cost, the comparison
concerns statistical efficiency, not economic superiority. As the results come from one synthetic population
with age-defined strata, the magnitudes should be generalized cautiously.

Keywords: probability sampling; stratified sampling; cluster sampling; systematic sampling; Monte Carlo
simulation; design effect

RESUMEN

Introduccion: el disefio de muestreo determina la precisiéon de las inferencias, pero sus diferencias rara vez se
cuantifican con parametros conocidos. Comparamos cuatro disefios probabilisticos (aleatorio simple,
estratificado, por conglomerados y sistematico) para estimar una media, una desviacidén tipica y una
proporcién.

Método: bajo supuestos especificados, generamos una poblacién sintéticade N =1 000 000 de personas (edad,
peso y sexo) en 40 000 racimos de 25. Por disefio extrajimos 1 000 muestras de n =2 000 con estimaciones e
intervalos de confianza al 90 %, 95 % y 99 %. Evaluamos sesgo, error cuadratico medio, eficiencia relativa,
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efecto de disefio, cobertura y amplitud de intervalos.

Resultados: los cuatro disefios fueron practicamente insesgados (sesgo relativo < 0,197 %). Estratificar por
edad gand solo en la edad, variable de estratificacion (eficiencia relativa: 10,37 en la media; 2,94 en la
desviacidn tipica), no en el peso nien la proporcién de hombres; su eficiencia media (3,29) bajaa 1,52 sinla
media de la edad. El sistematico con marco ordenado por una variable asociada a la edad gand
moderadamente(2,01). Los errores estandar aproximados dieron coberturas excesivas (99,9 %y 99,1 %al 95
%), corregidas a 93,6 % y 95,4 % con errores coherentes con el disefio. Los conglomerados fueronlos menos
eficientes (efecto de disefio <2,85).

Conclusiones: ningun disefio domind; la eficiencia dependié de la relacidn entre el disefio y el parametro.
Como los disefios compartieron tamafio muestral, pero no se compararon a igual costo operativo, los
resultados se refieren a eficiencia estadistica, no a superioridad econdmica. La ventaja del estratificado
depende de los estratos definidos por edad y de los supuestos de esta poblacidn sintética.

Palabras clave: muestreo probabilistico; muestreo estratificado; muestreo por conglomerados; muestreo
sistematico; simulacién Monte Carlo; efecto de disefio

INTRODUCTION

Probabilistic sampling has supported inference about finite populations since Neyman formalized the
representative method in 1934 (1), and Horvitz and Thompson's estimator (2) completed the base. If
the probability with which each unit enters the sampleis known, the parameter and also the precision
of that estimate can be estimated without making assumptions about the shape of the population (3-
6). This property explains why it continues to be the reference compared to non-probabilistic samples,
which are increasingly frequent (7,8).

Survey designers usually have at least four classic options: simple random sampling (MAS), stratified,
cluster or cluster sampling, and systematic sampling (5,9). Each organizes the population in a different
way. Stratified uses homogeneous subpopulations defined in advance; cluster saves travel by
grouping neighboring units; systematic sampling follows an ordered frame at fixed intervalsand often
introduces implicit stratification (10-12). Choosing one or the other changes the variance of the
estimators, the amplitude of the intervals, and thus the cost of achieving a given precision (13,14).

The theory of these differences is mature, but their concrete magnitude is rarely observed in practice,
because in a real survey the true parameter is unknown and the estimation error cannot be
measured. Monte Carlo simulation on a fully known artificial population solves the problem (15,16).
With the actual mean, standard deviation and proportion in view, the bias, mean square error and
coverage of the intervalsare calculated directly and can be compared between designs (17). Synthetic
populations and "digital twins" are increasingly used for this purpose, for example to evaluate forest
inventory designs (18).

The available comparisons usually deal with one design or a family of estimators at a time: new
estimators of the mean or variance under a fixed design (19-22), variants of the systematic for frames
with a linear trend (12), estimators of the variance of the systematic (23) or optimal allocation rules
in the stratified (24,25). Less frequent is a simultaneous comparison of the four basic designs on the
same known population and with the same sample size, which evaluates both the point estimation
and the validity of the intervals for parameters of different nature: a mean, a standard deviation and
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a proportion. Thisis the gap addressed by this study. In addition to ordering the designs by efficiency,
we show for which parameters the gain of each design occurs, when that gain is not transferred to
the confidence intervals because the standard error used does not capture it, and how much the
coverage changes when using a standard error consistent with the design.

In this work, we simulated a population of 1,000,000 people of age, weight, and sex, and compared
the four designs in the estimation of a mean, a standard deviation, and a proportion. The general
objective was to determine which design is more efficient and under what conditions. The specific
objectives were (i) to quantify the bias and accuracy of each point estimator, (ii) to evaluate the
empirical coverage and the amplitude of the 90%, 95%, and 99% confidence intervals, (iii) to order
the designs according to their overall performance, and (iv) to assess the sensitivity of coverage to
the standard error calculation method. We start from the hypothesis, derived from the theory, that
no design dominates in all parameters and that efficiency depends on the relationship between the
structure of the design and what is estimated (3,4).

The contribution has a methodological and an applied aspect. The study follows the ADEMP scheme
for simulations (15,17) and addresses the recommendations to document the procedures to favor
their replication (26) and to avoid comparisons that favor any method in advance (27). Verification
scripts independent of the production code are accompanied; their exact correspondence with the
published results must be contrasted before editorial delivery. Guidelines are also offered for planning
community and population health surveys, where age, weight, and sex are commonly used variables.

LITERATURE REVIEW

We consider a finite population U ={1, 2, ..., N} in which each unit i has a value yi of the variable of
interest and, for a dichotomous attribute, an indicator ai € {0, 1}. The target parameters are the mean
u, the standard deviation o, and the proportion P of equation (1) (2,3).

1 1 1
u= ;z?[:ﬂ’i' o= \/;Z]ivﬂ(yl' — w?, P = ;Zlivﬂai(l)

A sampling design is a probability distribution over the set of possible samples, which assigns to each
unit a known and positive probability of inclusion mi. The sampling fraction is f = n/N and the
correction factor per finite populationis 1 - f (4).

2.1 Simple random sampling

In the MAS without replacement, all samples of size n have the same probability and mi = n/N. The
sample mean of equation (2) is unbiased for u (3.5).

_ 1
y = ;Z?=1yi(2)

Equations (3) and (4) give their variance and that of the estimator of the proportion p, with S2 as the
guasi-variance of the population. Since it does not use auxiliary information or any structure of the
population, the MAS serves as a reference to measure the efficiency of the other designs (5).

Var) = (1 - f) £(3)
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P(1-P
Var(p) = (1 - ) “o=2(4)
2.2 Stratified random sampling

The stratified design divides the population into L-sized strata of Nh size and extracts from each one
an independent subsample by MAS. The mean estimator is the weighted mean of equation (5) and
its variance is the weighted mean of equation (6) (1,3).

_ _ N
Vo = Xpe1 Wh T, Wy, = Wh(5)

Var() = Sy W2 (1= fi) Zie)

Variance depends only on the variability within the strata, so that the more homogeneous they are
with respect to the variable of interest, the lower it will be (4). With proportional allocation (nh = n-
Wh) the design is never less efficient than the MAS for the mean, and gains more when the
stratification variable is closely associated with the study variable (13,14). Neyman's optimal
allocation still refines this gain (1,24).

2.3 Cluster sampling

In this design, the population is organized into G clusters, g is selected from them and all their units
are observed (one-stage sampling). For clusters of equal size M chosen by MAS, the estimator of the
mean and its variance, which depends on the variability between clusters Sb2, are those of equations
(7) and (8) (3,13).

_ 1 _
yd=52iﬁdﬂ

Var() = (1 - £) (g

Kish summarized its efficiency in the design effect, which for clusters of equal size approximates
equation (9), where p is the intraclass correlation coefficient (13).

Deff~ 1+ (M —1)p (9)

The units of the same cluster tend to look alike (p > 0) and therefore, with the same number of units,
the design tends to be less precise than the MAS. It is chosen because of the savings in fieldwork and
because there are often only cluster frames (13,28).

2.4 Systematic sampling

On an ordered frame of N units, a random startr € {1, ..., k} is chosen, and then each k-th unit, with
the sampling interval of equation (10).

k=gum

The result depends on the order of the frame (10,11). If the frame follows a variable associated with
the variable of interest, the design behaves as an implicit stratification and reduces the variance
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(11,12); if the order is random with respect to that variable, itis equivalent to the MAS. With a single
systematic sample (a single random start) there is no unbiased estimator of variance. In practice, the
MAS formula is used, which overestimates variance when the frame has a trend, or approximate
estimators based on the differences between contiguous units of the frame (23,29), such as the one
in equation (14) in section 2.5.

2.5 Spot and interval estimation

The point estimate gives a value O for the parameter 6. The confidence interval of level 1 - a of
equation (11) adds the uncertainty, with EE(8) as the estimated standard error and z1-a/2 as the
normal quantile (1.645, 1.960 and 2.576 for 90%, 95% and 99%).

6 + Z1—a/2 EE(é)(ll)

For means and proportions, the standard error comes from the variance formulas of each design
(equations 3 to 8). In the proportion we use the Wald interval, although the Wilson (30) and Agresti
and Coull (31) intervals cover better in small samples or with extreme proportions (32,33). For the
standard deviation, the mainanalysis uses the normal approximation of equation (12), validwith large
n (29). This formula does not depend on the design: it assumes a simple random sample of a variable
with the kurtosis of the normal distribution, so that it can overestimate or underestimate the error
when the design gains precision or the variable is not normal (34,35).

S

v 2(n-1)

As an alternative consistent with the design, we use Taylor's linearization (29). The standard deviation

EE(s) = (12)

is approximated by the mean of the influencing variable of equation (13), and its standard error is
obtained by applying the variance formula of the design to this mean: that of MAS (equation 3),
stratified (equation 6) or that of clusters (equation 8). In the systematics, instead of the MAS formula,
the estimator of successive differences of equation (14) can be used, which compares each unit with
the previous one in the order of the frame and thus collects part of the implicit stratification (23,29).

_v)2_¢2

t 2s

os(F) = —L—F (y; — yi_1)? (14)

2n(n-1)
2.6 Efficiency and goodness-of-fit measures

As 0 is known, the performance of each estimator is measured on the B replicates of the simulation
(15,17). Equation (15) defines the bias and (16), the mean square error (ECM) and its root (RECM),
which expresses the total error in the units of the parameter.

Sesgo(0) = %Z’;’:léb —6 (15)

ECM = Sesgo” + Var(0), RECM = /ECM(16)
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The relative efficiencyagainst MAS (equation 17) compares meansquare errors, and the design effect
(equation 18) compares variances. An efficiency greater than 1 or a Deff less than 1 indicates an
advantage over MAS (13).

_ ECMmas

Efrel T EeMm

(17)

Vargis(6)
Deff = ————(18
© VanAs(G)( )

At intervals, the empirical coverage of equation (19) is the proportion of replicates in which the
interval contains 0, ideally equal to the nominal level, and the meanamplitude measures its precision.
With equal coverage we prefer the narrowest interval (5,17).

€ =2¥E_,1{6 €1C,Y19)
METHOD

We designed a Monte Carlo simulation experiment in which the population is fully known and the
four designs are applied repeatedly under identical conditions. We follow the scheme of Morris et al.
(15), known as ADEMP and developed in recent templates for planning and communicating
simulations (17): objectives, data-generating mechanism, estimates, methods and performance

measures.
3.1 Synthetic population

We generated N = 1 000 000 individuals grouped into G = 40 000 clusters of M = 25 units, which
represent territorial aggregates such as blocks or census tracts. To mimic the resemblance between
neighbors, we added random cluster effects normal to age and weight (standard deviation of 3 years
and 3 kg), which produces a positive intraclass correlation. Sex is a Bernoulli variable whose
probability of being male is 0.49 plus a normal cluster effect with a standard deviation of 0.05
(bounded between 0.25 and 0.75). Age combines a mean of 42 years, the cluster effect and a normal
individual term with a standard deviation of 14 years, and was truncated at the interval [18, 95];
truncation accumulates 4.7% of the population in 18 years. The weight is 62 kg plus 13 kg in men,
0.30 kg for each year of difference from 42 years, the cluster effect and an individual term with
standard deviation of 9 kg, and was truncated to [40, 140] kg. With the complete population we
calculate the true parameters that serve as a standard (Table 1).

The parameters were chosen to represent the adult population of a community or health survey, not
to reproduce a specific country. The mean of 42 years and the individual standard deviation of 14
years, with limits of 18 and 95 years, give a population aged 18 years or older with a broad age
structure, and truncation avoids values outside the domain of an adult survey. The 13 kg difference
between sexes and the slope of 0.30 kg per year generate moderate associations between weight,
sex, and age (in the population, r = 0.53 between sex and weight and r = 0.34 between age and
weight), while age and sex were generated independently (r = 0.001); the 40 kg limit affectsonly 0.8%
of the population. Cluster effects produce intraclass correlations of 0.044 in age, 0.067 in weight, and
0.010 in sex, low or moderate values such as those recorded in cluster household surveys (13,28).

https://doi.org/10.71068/SIMJ0O005
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These relationships determine which parameters can benefit from age stratification and frame order,
and therefore we treat them as conditions of the experiment and not as general traits of any
population.

Table 1.

Simulation Design Parameters and True Population Values

Parameter Value

Population size (N) 1000000

Sample size per replica (n) 2000 (f=n/N=0.2%)

Number of Monte Carlo samples (B) 1,000 per design

Cluster structure 40,000 clusters of size M =25
Systematic sampling interval (k) 500

Age group strata (L) 4 ([18,30),[30,45), [45,60), [60,95])
Layer sizes (Nh) 199 966;381477;313221;105 336
Proportional allocation (nh) 400;763;626; 211

Actual Mean Age (W) 42.34 years

Actual standard deviation for age (o) 13.75 years

Actual Average Weight (1) 68.49 kg

Actual standard deviation of weight (o) 12.14 kg

Actual proportion of men (P) 49,0 % (0,490)

Cgrrelation of the auxiliary ordering variable (Z) 0.70 (realized: 0.7002)

with age

Random Seed (Reproducibility) 20260627

Note: own elaboration based on the simulation (seed 20260627).
3.2 Implemented sampling designs

We applied the four designs to the same population with a common sample size of n =2 000. (a) MAS:
selection of 2 000 units without replacement. (b) Stratified: four strata per age group, a variable
available in most community frameworks, with proportional allocation and MAS within each stratum.
(c) Clusters: g = 80 clusters of 25 people selected by MAS, with observation of all its units. (d)
Systematic: the framework was ordered from lowest to highest according to an auxiliary variable Z=
0.70-zedad + (1 - 0.702)1/2-g, where zedad is the standardized age and € ~ N(0, 1) an independent
noise, so that corr(Z, age) = 0.70 per construction (0.7002 in the population generated). Z mimics an
administrative record associated with age without coinciding with it. A random startr between 1 and
k = 500 is chosen and the unitsr, r + k, r + 2k, ...; since the design only admits 500 different samples,
the replicates choose the replacement start. In each design we use the estimators and variance
formulas from the previous section. In the systematic analysis, the main analysis estimates the
variance with the MAS formula, as is usual (29); this formula is an approximation and not an unbiased
estimator, which we treat as a limitation and examine in the sensitivity analysis. The equality of n
controls the number of observations, but it does not homogenize displacements, frame development,
personnel, time, or other execution costs; these were not measured or modeled.

3.3 Monte Carlo simulation procedure

https://doi.org/10.71068/SIMJ0O005
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For eachdesign we extracted B = 1 000 independent samples. In each one we calculatedfive estimates
(mean and standard deviation of age, mean and standard deviation of weight and proportion of men),
with their standard errors and intervals at 90 %, 95 % and 99 %. We thus obtained, by design and
estimation, an empirical sample distribution of 1 000 values. The analysis of the manuscript is
described as developed in Python 3 with NumPy and a fixed seed (20260627). To facilitate
independent verification, the reference script S1 (Suplementario_S1_simulacion_muestreo.py),
which implements the documented methodological decisions, and the script S2
(Suplementario_S2_figuras.py), which generates auxiliary graphs from the output of S1, are attached.
These files are not the original production code and are not claimed to exactly reproduce the values
in Tables 1 through 6 or Figures 1 through 6.

For each estimand we calculated two standard errors. The main one (EE1) was used in Tables 2 to 5:
in the means and proportion, the variance formula of each design (equations 3 to 8, with that of the
MAS in the systematic); in the standard deviation, s/[2(n - 1)]*/2 in the four designs (equation 12),
where s is the sample quasi-deviation in the MAS, the systematic, and the clusters, and in the
stratified the root of 3Wh[sh? + (yh - yst)2]. The alternative (EE2) was used in the sensitivity analysis
(Table 6): in the standard deviation, the linearization of equation (13) with the variance of the MAS,
the stratified (with ui calculated with respect to yst and the stratified standard deviation) or that of
clusters (on the means of ui per cluster); in the systematic analysis, in addition, the estimator of
successive differences (equation 14) for the means, the proportion and the influencing variable. In
the other cases, EE2 coincides with EE1. The calculation of EE2 does not consume random numbers,
so the point estimates and EE1 are identical with or without the sensitivity analysis.

3.4 Performance measures

We used seven measures: bias, relative percentage error, RECM, relative efficiency against MAS
(ECMMAS/ECM), design effect (Deff), empirical coverage at all three levels, and mean amplitude of
the intervals. We consider the design that combines a low ECM with coverage close to nominal
coverage to be more efficient. For the overall balance, we averaged, in each design, the relative
efficiency of the five estimands and the absolute deviation of coverage from 95%. Since the arithmetic
mean is sensitive to extreme values and depends on the estimates chosen, we also reported the
median and the mean without the age mean. The term "efficiency" is used only in its statistical
meaning (comparison of estimation errors); the relationship between accuracy, budget, and field cost
was not estimated.

3.5 Data analysis

The analysis took the form of a factorial experiment with three factors: design (four levels), estimating
(five), and confidence level (three). This results in 20 point estimators and 60 intervals, eachevaluated
on 1,000 replicates. Normal critical values were fixed in the code and standard errors were calculated
as described in section 3.3. As validity controls, we found that all four estimators were virtually
unbiased (the highest relative bias was 0.197% in the proportion of men under MAS) and that MAS
reproduced coverages close to nominal coverages (15). We also estimated the intraclass correlation
of age, weight, and sex with the analysis of variance estimator, to contrast equation (9) with the
https://doi.org/10.71068/SIMJ000S

8


mailto:https://doi.org/10.71068/hwgp3a73

Marco Antonio Ramos Espinal Sapiens International Multidisciplinary Journal. 2026;3.5. 001

observed design effects. By running the code again with the same seed, we obtained values identical
to those reported in the tables. The figures were made with Matplotlib.

RESULTS
4.1 Population and True Parameters

The simulated population had a mean age of 42.34 years, with a standard deviation of 13.75 years;
the mean weight was 68.49 kg, with a standard deviation of 12.14 kg, and 49.0% were men (Figure
1). The weight distribution is almost symmetrical and includes the difference between sexes
incorporated in the model. The age distribution is unimodal, with a tail towards older ages and an
isolated bar at 18 years that corresponds to truncation.

Figure 1.

Age (a) and weight distribution (b) and sex ratio (c) in the synthetic population (N =1 000 000). The
dashed line indicates the real mean

(a) Edad (anos) (b) Peso (kg) (c) Proporcion por sexo

: - =42.34

- =68.49

0.490 0.510

3000 A 3000 1

f=)
~
|
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(=]
(=]
o

Proporcion

o
[N]

Frecuencia

1000 4 1000 A

[ e o o

T T T T 0.0 -
20 40 60 80 40 60 80 100 120 Hombres Mujeres
Edad Peso

Note: Own elaboration based on the simulation (seed 20260627).
4.2 Point estimation and intervals in an illustrative sample

Table 2 lists the estimates and intervals of a single sample per design for the mean and standard
deviation of weight and for the proportion of males. Its purpose is only to illustrate how the estimates
are derived and read: the result of anisolated sample depends on the randomness of that extraction
and is not used to compare designs, so efficiency comparisons are based on the 1,000 replicates
summarized in Tables 3 to 6. In this sample, the intervals widen with the confidence level, as
appropriate, and the cluster intervals are the widest. At 95%, the mean weight is 1.55 kg (from 67.48
to 69.03) versus 1.06 kg with MAS. The 36 intervals in the table contain the true value.

Table 2.

Point estimation and confidence intervals in an illustrative sample (n = 2 000) by sampling design

Method Parameter Est. punctual 90% ClI 95% ClI 99% ClI

MORE (Alz’ge)rage weight 68,56 [68,11:69,01] [68,03;69,09] [67,86;69,26]

MORE Desv. Typical 12,20 [11,88;12,52] [11,82;12,58] [11,70;12,69]
weight (kg)

BUT Male Ratio 0,492 [0,474:0,511] [0,471;0,514] [0,464;0,521]

https://doi.org/10.71068/SIMJ0O005
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Method Parameter Est. punctual 90% ClI 95% ClI 99% ClI
Stratified ﬁz’ge)rage weight 68,65 [68,21;69,08] [68,13;69,16] [67,96; 69,33]
Stratified Desv. Typical 12,45 [12,12;12,77] [12,06;12,83] [11,94;12,95]
weight (kg)
Stratified Male Ratio 0,499 [0,481;0,517] [0,477:0,521] [0,470;0,528]
By clusters ﬁ:’ge)rage weight 68,25 [67,60; 68,90] [67,48;69,03] [67,24;69,27]
Desv. Typical . . .
By clusters weight (kg) 12,27 [11,96;12,59] [11,89;12,66] [11,77;12,77]
By clusters Male Ratio 0,480 [0,459:0,500] [0,455;0,504] [0,447;0,512]
Systematic ﬁz’ge)rage weight 68,49 [68,04; 68,93] [67,96;69,02] [67,79;69,18]
. Desv. Typical ) ) )
Systematic weight (ka) 12,12 [11,80;12,43] [11,74;12,49] [11,62;12,61]
Systematic Male Ratio 0,481 [0,463;0,500] [0,460;0,503] [0,453;0,510]

Note: results from a single sample per design, for illustrative purposes; they should not be used to
compare the efficiency of the designs (see Tables 3 to 6). Actual values: mean weight = 68.49 kg;
standard deviation weight = 12.14 kg; proportion of men = 0.490. Cl: confidence interval. Own
elaboration based on the simulation.

4.3 Bias and efficiency in point estimation

Table 3 summarizes the point estimate over 1 000 replicates. No design showed appreciable bias. The
highest relative bias was 0.197 %, in the proportion of men with MAS: the unrounded bias is
+0.000965 over P = 0.48998, although Table 3 shows it rounded to +0.0010, which would give 0.204
% if calculated with the rounded figures. In the remaining 19 cases, the relative bias did not exceed
0.08 %, so the differences in performance come from variance. Efficiency, on the other hand, varied
greatly depending on the parameter. In the mean age, which is the variable that defines the strata,
the stratified reached a relative efficiency of 10.37 and reduced the RECM from 0.313 years with MAS
to 0.097, with Deff = 0.10. The gain fell to 2.94 in the standard deviation of age and almost
disappeared in weight (1.04 and 1.10) and in the proportion of men (1.00). The reason is that age
strata explain 89.7% of the variance in age, but only 10.1% of that of weight and practically none of
that of sex (3.4).

The systematic followed the same pattern with less intensity, thanks to the order of the frame, with
an efficiency of 2.01 and a Deff of 0.50 in the mean age. The clusters were at the opposite extreme,
with Deff of 2.85 in the mean weight and 1.94 in the mean of age, and efficiencies of 0.35 and 0.52
(13). In Figure 2, the distributions of stratified and systematic are concentrated around the actual age,
while the cluster distribution is the most dispersed in both variables. Figure 3 shows the relative
efficiency of all the designs and parameters.

Table 3.
Performance of point estimation over 1,000 replicates: bias, relative bias, root mean square error

(RECM), relative efficiency with respect to MAS, and design effect
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Method Estimating Bias Rel. bias (%) RECM Ef. relative Deff
BUT Mid-age -0,0079 -0,019 0,3132 1,00 1,00
BUT DT age +0,0025 +0,018 0,2077 1,00 1,00
BUT Medium +0,0061 +0,009 0,2611 1,00 1,00
weight
BUT DT weight -0,0059 -0,048 0,1862 1,00 1,00
BUT Men's Prop. +0,0010 +0,197 0,0110 1,00 1,00
Stratified Mid-age -0,0021 -0,005 0,0972 10,37 0,10
Stratified DT age +0,0033 +0,024 0,1211 2,94 0,34
Stratified oo ~0,0001 0,000 0,2562 1,04 0,96
weight
Stratified DT weight +0,0030 40,024 0,1776 1,10 0,91
Stratified Men's Prop. -0,0001 -0,027 0,0110 1,00 1,01
By clusters Mid-age -0,0024 -0,006 0,4361 0,52 1,94
By clusters DT age -0,0110 -0,080 0,2012 1,07 0,94
By clusters 1o ~0,0050 ~0,007 0,4410 0,35 2,85
weight
By clusters DT weight -0,0021 -0,017 0,1873 0,99 1,01
By clusters Men's Prop. -0,0003 -0,053 0,0125 0,77 1,31
Systematic Mid-age +0,0141 +0,033 0,2212 2,01 0,50
Systematic DT age +0,0051 +0,037 0,1666 1,55 0,64
Systematic ~ Medium +0,0097 +0,014 0,2770 0,89 1,12
weight
Systematic DT weight -0,0011 -0,009 0,1722 1,17 0,86
Systematic Men's Prop. -0,0002 -0,045 0,0114 0,93 1,08

Note: the relative bias is 100-bias/0, calculated with unrounded values. The relative efficiency is

ECMMAS/ECM; values greater than 1 indicate greater efficiency than simple random sampling. The

design effect (Deff) is the ratio of variances to MAS; values less than 1 indicate a gain in precision.

Own elaboration based on the simulation.

Figure 2.

Sample distributions of the mean age (a) and weight estimator (b) under the four designs, over 1 000

replicates. The dashed line marks the real value

(a) Estimador de la media de la edad
T

(b) Estimador de la media del peso
T
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N
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1 Racimos
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Note: Own elaboration based on the simulation (seed 20260627).

Figure 3.
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Relative efficiency (ECMMAS/ECM, logarithmic scale) by design and parameter. The dashed line (= 1)
corresponds to simple random sampling

10'\ 4

Eficiencia relativa (ECMpy4s/ECM), escala log.

Media DT Media DT Prop.
edad edad peso peso hombres
--- MAS(=1) m=mm MAS  mmm Estratif. =8 Racimos = Sistem.

Note: Own elaboration based on the simulation (seed 20260627).

4.4 Coverage and Breadth of Confidence Intervals

Table 4 assesses the validity and accuracy of the intervals. With MAS, the empirical coverages were
between 89.0% and 91.7% at the 90% level, between 95.1% and 96.6% at 95%, and between 98.8%
and 99.4% at 99%, confirming that the interval construction procedure works (Figure 4). The clusters
also covered well, between 94.7% and 97.1% at 95%, a sign that the standard error calculated with
cluster variability captures the loss of precision. The cost appears in the amplitude, as the interval at
95% of the mean weight averaged 1.72 kg, compared to 1.06 kg with MAS (Figure 5). With the
observed Deff of 2.85, matching the accuracy of the MAS would require almost tripling the sample
size (13).

The stratified and systematic were conservative just where they are most efficient. The coverage at
95% of the standard deviation of age reached 99.9% with the stratified, and that of the mean of age,
at 99.1% with the systematic. These coverages are excessive and not a virtue of design: the mean
standard error overestimated the real dispersion of the estimator by 80% and 39%, respectively (the
ratio between the mean standard error and the empirical standard deviation of the estimator of 1.80
and 1.39), so that the intervals were wider than necessary and hide the gain in precision. In
stratification, the reason is that the formula of equation (12) ignores stratification; in systematic, that
the MAS formula does not reflect the implicit stratification of the ordered framework (23,29).
Therefore, in those cases, the amplitude of the intervals in Table 4 does not measure the accuracy of
the design, which should be read in the RECM in Table 3. Section 4.6 shows how coverage changes
with standard errors consistent with the design.

Table 4.
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Empirical coverage of confidence intervals (90%, 95%, and 99%) and mean amplitude of the interval

at 95%, by design and estimating

Method Estimating Cob. 90 % Cob.95 % Cob.99 % 95% cl
amplitude
MORE Mid-age 89,0 95,2 98,8 1,2039
BUT DT age 91,7 96,6 99,4 0,8523
BUT Medium 90,4 95,7 99,1 1,0626
weight
BUT DT weight 91,3 96,3 99,4 0,7523
BUT Men's Prop. 90,4 95,1 99,0 0,0438
Stratified Mid-age 91,4 96,0 99,4 0,3871
Stratified DT age 99,5 99,9 100,0 0,8524
Stratified Medium 90,8 94,9 99,4 1,0075
weight
Stratified DT weight 92,5 96,4 99,2 0,7529
Stratified Men's Prop. 90,3 94,9 98,8 0,0437
By clusters Mid-age 89,3 94,7 98,1 1,7165
By clusters DT age 92,4 97,1 99,2 0,8515
By clusters Medium 89,9 94,8 99,0 1,7151
weight
By clusters DT weight 90,4 96,2 99,1 0,7526
By clusters Men's Prop. 89,7 94,8 99,0 0,0486
Systematic Mid-age 98,3 99,1 99,6 1,2041
Systematic DT age 96,1 99,4 99,8 0,8525
Systematic Medium 89,6 94,4 99,3 1,0630
weight
Systematic DT weight 93,5 96,4 98,8 0,7526
Systematic Men's Prop. 88,6 95,5 99,1 0,0438

Note: coverage in percentage, calculated with the main standard error (EE1); the amplitude is

expressed in the units of each parameter (years, kg or proportion). The coverage of 99.9 % (stratified,

standard deviation of age) and 99.1 % (systematic, mean of age) reflect overestimated standard errors

and not greater validity; see Table 6. Prepared by the author based on the simulation.

Figure 4.

Empirical coverage of 95% confidence intervals by design and parameter. Dashed line marks 95%

nominal level

https://doi.org/10.71068/SIMJ0O005

13


mailto:https://doi.org/10.71068/hwgp3a73

Marco Antonio Ramos Espinal Sapiens International Multidisciplinary Journal. 2026;3.5. 001

100

Cobertura empirica (%)

Media DT Media DT Prop.
edad edad peso peso hombres

--- Nominal 95 % = MAS mmm Estratif. mmm Racimos mmm Sistem.
Note: Own elaboration based on the simulation (seed 20260627).
Figure 5.

Average amplitude of 95% confidence intervals by design and parameter (logarithmic scale). With
equal coverage, a narrower range indicates greater accuracy

10° 4

Amplitud media del IC al 95 % (escala log.)

Media DT Media DT Prop.
edad edad peso peso hombres

mm MAS W Estratif. mmm Racimos mmm Sistem.

Note: Own elaboration based on the simulation (seed 20260627).

4.5 Effect of overall design and ordering of efficiency

Figure 6 shows the design effects: clearly less than 1 for stratified and systematic in the age
parameters, close to 1 in most other cases, and greater than 1 for clusters in the two means and in
proportion (1.94, 2.85, and 1.31). By averaging the relative efficiency of the five estimands (Table 5),
the stratified one ranks first (3.29), followed by the systematic(1.31), the MAS (1.00), and the clusters
(0.74). This order should be read with caution, because it depends on the five estimates chosen, and
the average of the stratified is dominated by the efficiency of 10.37 in the age mean. Without this
estimate, its mean efficiency drops to 1.52, and its median is 1.10, close to that of the systematic
https://doi.org/10.71068/SIMJ0005
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(1.14 and 1.17). The ordering does not express, therefore, a general superiority of the stratified, but
its advantage in the parameters associated with the stratification variable, and could change with
other estimates or with another stratification variable. The average should also be read together with
the coverage: with EE1, the advantage of the systematicis accompanied by the largest mean deviation
of the coverage, 2.20 percentage points, which is reduced to 0.50 with EE2 (section 4.6).

Figure 6.

Design effect (Deff = Var/VarMAS) by design and parameter. Values below the line (= 1) indicate
precision gain over simple random sampling

[
2]

Var/Varpas)

2.0

Efecto de diseno (Deff

Media DT Media DT Prop.
edad edad peso peso hombres

--- Deff =1(MAS) . MAS W Estratif. mmm Racimos B Sistem.
Note: Own elaboration based on the simulation (seed 20260627).

Table 5.

Overall ranking of efficiency of the four designs

Ef. relative Desv. Mean Desv. Mean
Eph. . mean
.. ] Median of ) Cob. 95% cob. 95 %
Position Method Relative ] without ] ]
Ef. relative with EE1 with EE2
Mean mean of () (op)
age Pp pPp
1 Stratified 3,29 1,10 1,52 1,50 0,56
2 Systematic 1,31 1,17 1,14 2,20 0,50
3 MORE 1,00 1,00 1,00 0,78 0,58
4 By clusters 0,74 0,77 0,79 0,80 0,24

Note: Relative efficiency averages or summarizes ECMMAS/ECM over the five estimates; the column
"no age mean" excludes this estimate. The mean deviation of coverage is the average of |empirical
coverage — 95| in percentage points (pp), with the main standard error (EE1) and with the alternative
standard error (EE2). Prepared by the author based on the simulation. All indicators summarize
statistical efficiency at the same n; they do not incorporate operating costs.

4.6 Coverage sensitivity to standard error
https://doi.org/10.71068/SIMJ0005
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Table 6 compares the 95% coverage obtained with EE1 and EE2 in cases where the main standard
error is not design-dependent or approximate: the standard deviations in the four designs and the
means and proportion in the systematic. With linearization, the coverage of the standard deviation
of age in the stratified decreased from 99.9% to 93.6% and the mean amplitude of the interval from
0.852 to 0.453 years; with successive differences, the mean age in the systematic went from 99.1%
to 95.4% and the amplitude from 1.204 to 0.857 years. With EE2, the ratio between the mean
standard error and the empirical standard deviation was between 0.95 and 1.04 in all cases, and the
mean deviation of coverage from 95% decreased from 1.50 to 0.56 points in the stratified and from
2.20to 0.50 in the systematic (Table 5). With a standard error consistent with the design, the intervals
of both designs reflect their gain in precision.

Linearizationalso corrected for the slight overcoverage of the standard deviation with MAS (from 96.6
% to 93.9 % at age), which is explained by the fact that age, truncated, has a lower kurtosis than
normal (excess of -0.34) and equation (12) then overestimates the error (34). At n = 2 000, however,
linearization was somewhat below the nominal level in MAS and stratified (between 93.6 % and 94.8
%), so it should not be taken as a definitive solution: replication methods, such as jackknife or
bootstrap, could better calibrate these intervals (29).

Table 6.

Sensitivity analysis: 95% coverage and mean range amplitude with primary standard error (EE1) and
alternate standard error (EE2)

[V H o, H
Method Estimating EE/DT Cob.95% Amplitude EE/DT Cob.95% Amplitude

(EE1) (EE1) (EE1) (EE2) (EE2) (EE2)
BUT DT age 1,05 96,6 0,8523 0,95 93,9 0,7745
BUT DT weight 1,03 96,3 0,7523 0,95 94,2 0,6967
Stratified DT age 1,80 99,9 0,8524 0,95 93,6 0,4526
Stratified DT weight 1,08 96,4 0,7529 1,00 94,8 0,6944
By clusters DT age 1,08 97,1 0,8515 1,01 95,1 0,7922
By clusters DT weight 1,02 96,2 0,7526 1,00 94,6 0,7335
Systematic DT age 1,31 99,4 0,8525 1,04 95,5 0,6790
Systematic DT weight 1,11 96,4 0,7526 1,03 95,6 0,6961
Systematic Mid-age 1,39 99,1 1,2041 0,99 95,4 0,8566
. Medium
Systematic . 0,98 94,4 1,0630 0,95 94,0 1,0333
weight
Systematic  Men's Prop. 0,98 95,5 0,0438 0,98 95,0 0,0438

Note: EE/SD is the quotient between the mean standard error and the empirical standard deviation
of the estimator in the 1 000 replicates (1 = standard error without bias). EE1: main standard error
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(equation 12 for standard deviation; MAS formula in systematic). EE2: linearization (equation 13) for
standard deviation and successive differences (equation 14) in systematic. Coverage in percentage;
amplitude in parameter units. Own elaboration based on the simulation.

DISCUSSION

In a population that is fully known, the results reproduce a central idea of sampling theory: no design
is superior in all parameters, and efficiency depends on how the design relates to what is estimated
(3,4). The stratified obtained the highest average efficiency, but almost all of its advantage was in age,
the variable that defines the strata; for weight and proportion of men, it behaved like the MAS. This
is anticipated by the Neyman assignment (1) and the reference texts (5,6,9), according to which the
reduction in variance depends on the fraction of the variability explained by the strata: here, 89.7%
in age, 10.1% in weight, and practically nothing in sex.

The practical implication is that stratifying by a variable weakly related to the parameter of interest
does not impair proportional allocation accuracy, but neither does it improve it, as shown by the
efficiencies of weight (1.04) and the proportion of men (1.00). In a multi-objective survey, the
stratification variable should be chosen based on the priority parameter or combine several auxiliary
variables; if strata are defined by only one variable outside that parameter, the design adds
operational complexity without benefit, and an optimal allocation for one variable may be inefficient
for the others (24,25). When the relationship to auxiliary information is weak or non-linear, model-
assisted estimators and calibration, which use that information in the estimation phase, offer a
complementary pathway (36,37).

With the clusters, we were able to contrast Kish's approach with what was observed. The estimated
intraclass correlation in the population was 0.044 for age, 0.067 for weight, and 0.010 for sex; with M
= 25, equation (9) predicts design effects of 2.04, 2.62, and 1.24, close to those observed (1.94, 2.85,
and 1.31). The result coincides with the experience in real surveys, where the effect of cluster design
is rarely negligible (13,28). The lower statistical efficiency does not necessarily imply that the design
should be discarded: its practical appeal may lie in the territorial concentration of the observations
and the availability of area frames, operational aspects that this experiment did not quantify.
Therefore, no result supports the conclusion that clusters are more or less economically efficient.
Research on spatially balanced sampling shows methodological alternatives to reduce variability
under certain conditions (38-40). The validity of the intervals was maintained because we used
standard errors based on cluster design; with the MAS formula, intrarracimo dependence would be
ignored (5,14).

The systematic study showed both sides of the implicit stratification. It was more efficient than the
MAS in the parameters of age (2.01 inthe meanand 1.55 in the standard deviation), but its variance
cannot be estimated without bias with a single sample, and the MAS formula we used in the main
analysis is a conservative approach (10,11,29). The successive differences estimator corrected for
overcoverage (Table 6), in line with the studies that propose approximate estimators for ordered
frames (23). It is advisable to use this design with frames whose order is known and, if possible, with
several random starts or with an estimator of successive differences. In the proportion, the Wald
https://doi.org/10.71068/SIMJ0005
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interval worked well with n =2 000 and P = 0.49 (95% coverage between 94.8% and 95.5%), although
the literature documents its irregular coverage in small samples or with extreme proportions, where
the Wilson or Agresti and Coull intervals (30-33) are appropriate.

We limit ourselves to designs with equal probabilities. The theory offers alternatives that take
advantage of auxiliary information: sampling with unequal probabilities and the Horvitz and
Thompson estimator (2,9); ratio estimators, regression estimators, and others that incorporate
auxiliary variables (19,20); calibration to known totals (37); estimators assisted by machine learning
models (36); balanced and spatially dispersed selection algorithms (39,40), and adaptive cluster
sampling for rare or aggregated populations (41). Ordered set sampling has also shown gains over
MAS when a cheap ordering variable is available, even in multistage designs (21,22). Our comparison
serves as a baseline for these designs, and their qualitative pattern coincides with what is stated in
the reference texts (5,6,14).

The study has limitations that restrict the generalization of the magnitudes obtained. First, the
conclusions come from a single synthetic population, constructed under specific assumptions (section
3.1), and not from real surveys. The relative efficiency and design effect figures depend on this
structure, especially on the intraclass correlation and the association of each variable with the
stratification or ordering criteria; another population would give other figures, although the
qualitative pattern is the one anticipated by the theory (3). Second, we use a single sample size (n =
2 000), 1 000 replicates per design, and a single correlation structure between age, weight, and sex.
Third, we do not model non-sampling errors (non-response, measurement, frame coverage), which
in real surveys can dominate total error (42); non-response, for example, alters the relative
performance of the designs (22). In addition, the comparison kept the number of units observed
constant and not the total cost of applying each design, so the results do not identify an economically
superior design. The favorable effect of stratification is conditioned by the role of age in the
construction of strata and should not be extrapolated to other variables or populations.

We compared only single-stage designs with equal probabilities, without the multistage sampling,
proportional probability sampling and model-assisted estimators, which are common in practice (4,9).
We stratified by a single variable with proportional allocation; Neyman assignment or multivariate
stratification could extend the observed advantage (1,24).In the main analysis, the standard deviation
interval was based on a normal approximation of its standard error that does not depend on the
design, and that of the systematic error on the MAS formula. The sensitivity analysis shows that
linearization and successive differences correct for overcoverage, although linearization is somewhat
below the nominal level and other methods could better calibrate the intervals (29). Finally, we do
not yet know whether the ordering is maintained with small samples, with other cluster sizes or with
other correlations, and this analysis is pending.

CONCLUSIONS

On a synthetic population of 1,000,000 people, fully known and generated under specific

assumptions, the four designs gave practically unbiased estimators, so that the choice between them

depends on the precision of the estimator and the validity of the intervals. No design was superior in
https://doi.org/10.71068/SIMJ0005
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all parameters. Stratification achieved the greatest gains in age, the variable used to form the strata;
in weight and in the proportion of men, its advantage practically disappeared, and its average relative
efficiency of 3.29 depends on the estimates chosen. The MAS maintained coverages close to the
nominal ones and the systematic improved the accuracy of age when the frame was ordered with an
informative auxiliary variable, although the MAS variance formula was conservative. The clusters
were the least statistically efficient at the same sample size, with design effects of up to 2.85. The
coverage of the intervals depended on the standard error estimator, and the design-consistent
alternatives attenuated the observed overcoverages.

These conclusions, obtained through a single simulation configuration, can guide statistical planning,
but they do not replace the analysis of real surveys. It is advisable to choose the design according to
the priority parameter, the available auxiliary information, and the stratification or ordering
assumptions. Stratification is recommended when there is an informational auxiliary variable with
respect to the parameter and an appropriate assignment is applied; here its advantage was strongly
linked to age. The systematic can be useful with informative frameworks, provided that its uncertainty
is appropriately estimated. Clusters need to evaluate their design effect and could respond to
logistical needs, but this work does not estimate costs or identify economic superiority. To extend the
comparison, it will be necessary to analyze other populations, sample sizes, correlation structures,
multistage designs, unequal probabilities, costs, non-response, measurement errors, and alternative
methods of interval construction.
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  𝜇 =  1  N   ∑  i = 1  N    y  i ,     𝜎 =   1  N   ∑  i = 1  N (   y  i − 𝜇  ) 2 ,     P =  1  N   ∑  i = 1  N    a  i


    y ‾ =  1  n   ∑  i = 1  n    y  i


  Var (   y ‾ ) = ( 1 − f )       S 2  n


  Var ( p ) = ( 1 − f )     P ( 1 − P )  n − 1


      y ‾  st =   ∑  h = 1  L    W h       y ‾ h ,       W h =     N h  N


  Var (     y ‾  st ) =   ∑  h = 1  L    W h 2   ( 1 −   f h )       S h 2    n h


      y ‾  cl =  1  g   ∑  i = 1  g      y ‾  i


  Var (     y ‾  cl ) =  ( 1 −   g  G )     S  b 2  g


  Deff ≈ 1 + ( M − 1 )   𝜌


  k =   N  n


    𝜃 ^   ±     z  1 − 𝛼 / 2   EE (   𝜃 ^ )


  EE ( s ) ≈   s   2 ( n − 1 )


    u  i =      (   y  i −   y ¯ ) 2 −   s 2  2 s


    v  DS  (   y ¯ ) =   1 − f  2 n ( n − 1 )   ∑  i = 2  n     (   y  i −   y  i − 1 ) 2


  Sesgo (   𝜃 ^ ) =  1  B   ∑  b = 1  B      𝜃 ^  b − 𝜃


  ECM =   Sesgo 2 + Var (   𝜃 ^ ) ,     RECM =  ECM


    Ef  rel =     ECM  MAS  ECM


  Deff =     Var  dis (   𝜃 ^ )    Var  MAS (   𝜃 ^ )


    C ^ =  1  B   ∑  b = 1  B  𝟏 { 𝜃 ∈   IC  b }

